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Abstract

In this paper we have discussed the concept of the generalized shift map a,, in the symbol
space E;. The aim of this paper is to investigate some chaotic properties of the
generalized shift map &, such as chaotic dependence on initial conditions, topologically
transitive, totally transitive. In this paper, we give a proof of the main theorem by
constructing a dense uncountable invariant subset of the symbol space E, containing
transitive points in a simpler way with the help of a different metric.!We have also
discussed some differences in the dynamics of the generalized with the shift map. Finally
we have also provided two examples, which support this new definition.
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Introduction

The chaoticity of a dynamical system becomes a more demanding and challenging topic
for both mathematicians and physicists. Li and Yorke (1975) are the first people that
connect the term ‘chaos’ with a map. There are various types of chaotic maps, namely,
tent map, quadratic map, logistic map etc. It is generally believed that if for a system the
distance between the nearby points increases and the distance between the faraway points
decreases with time, the system is said to be chaotic. Chaotic dynamical systems
constitute a special class of dynamical systems. Hence a dynamical system is chaotic if
the orbit of it (or a subset of it) are confined to a bounded region, but still behave
unpredictably. In 1975, Li and Yorke (1975) gave the first mathematical definition of
chaos through the introduction of & -scrambled set. Devaney (1989) chaos is another
popular type of chaos. Another interesting definition of chaos is generic chaos. In 2000,
Murinova (1989) introduced generic chaos in metric spaces.
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According to Devaney (1989), a map f: V' —V is said to be chaotic if the following three
properties hold:

(1) f'has sensitive dependence on initial conditions;
(ii) f'is topologically transitive; and
(ii1) periodic points are dense in V.

But in (iii), it is shown that topological transitivity and dense periodic orbits together
imply sensitive dependence on initial conditions. So the condition (i) of Devaney’s
definition is redundant. It is also known that in an interval (not necessarily finite) a
continuous, topological transitive map is chaotic in the sense of Devaney (1989). Akin
introduced a linkage between the sensitivity and Li-Yorke (1975) version of chaos.

Devaney (1989) and Robinson (1999) both have given brilliant description of the space
¥.. So by symbolic dynamical system we mean here the sequence space
E, = foze= {0gty wewen ),y = 0 or 1} along with the shift map defined on it. The
points in this space will be infinite sequences of 0's and 1's. In particular there are several
works on symbolic dynamics where dynamics are represented by maps on symbol spaces.

The shift map obeys all the conditions of Devaney’s definition (1989) of chaos such as
sensitive dependence on initial conditions, chaotic dependence on initial conditions,
topological transitivity and dense periodic points. Sensitive dependence on initial
conditions is an important property for any chaotic map. There are some interesting
research works on this particular property in (Du 1983, Du 2005, Robinsion 1999 and
Glasner and Weiss 1993). Bau - Sen Du (1983) gave a new strong definition of chaos by
using shift map in the symbol space Zg,and by taking a dense uncountable invariant
scrambled set in E;. We have proved that the shift map o is generically 6 —chaotic on E,
with & = 1 by proving that ¢ is topologically mixing and hence it is weak mixing (Biswas
2014).

In this paper, we introduced the concept of generalized shift map (Bhaumik and
Choudhury, 2009). We discussed some stronger chaotic properties of the generalized
shift map.

In the section 1 of this paper, we have given a counter example to prove that not all
topologically transitive maps are totally transitive. We also have given an example of a
continuous function which is topologically transitive but not chaotic. We discussed a
comparison of the behaviors of the generalized shift map with the shift map which has
been given in Section 2.

262



Barisal University Journal Part 1, 4(2):261-270 (2017) Hena

Definition 1 (Chaotic dependence on initial conditions (Blanchard et al., 2002)): A
dynamical system {X.f} is called chaotic dependence on initial conditions if for any
x€ X and every neighborhood N{x) of x there is a 3* @ N{x} such that the pair
% ¥} € X* is Li-Yorke.

1. Results and Discussion

In this section, we try to prove that the dynamical systems §E, &} has chaotic
dependence on initial conditions. We consider a particular property of the dynamical
system namely, the total transitivity. Here we show the chaotic map may or may not
satisfy this property. In this paper, we also prove that the generalized shift map is totally
transitive on X, We have to find that the generalized shift map i Zn = Eg has strong
sensitive dependence on initial conditions. Here we give an example of a continuous
function which is topologically transitive but not chaotic. We also give a suitable
example illustrating that all topologically transitive maps are not totally transitive.

Lemma 1 (Devaney 1989): Let 5, + € Zzand 5y =& , i = 0,1, v v vae, 18 . Then
diz, &} < % and conversely if dfs, £} = % then 5 = 1y, for { == @1, 1w s vauy 21

Lemma 2 (Devaney 1989): Let Xbe a compact metric space and T:X¥ =X is a
continuous topologically mixing map then it is also (topologically) weak mixing map.

Theorem 1: (Bhaumik and Choudhury 2010): The generalized shift map X5, & Jis
topologically mixing on E,.

Theorem 2: The generalized shift map @, :Eg = Zg has chaotic dependence on initial
conditions.

Proof: At first we introduce some notations which help us to prove this theorem.
(1) Let = 858 weue e ) be any point of £, and I be any open neighborhood of p.

(i) Let P = gy wewe e @) ADd Q= {G g1 were wee G ) be two finite sequence of 0’s
and 1’s, then F§ = Pyl e BpGody wewe we §g.  Further, if we suppose that
11, Tgr e we Iy are p finite sequences of 0’s and 1’s; T3 T3 weanFgcan be defined in a
similar manner as above.

(iii) If § is any binary numeral, we denote the complement of f§ by . That is, if § =0
or 1, then & m1 or 0.

(iv) Let Hﬂmzk + EG[ = %nkpénk-l-l """"'p-;nk-:l.p#nkp#nk-l-i SR ---pﬁﬂk—i}s
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R 3k + 2) = ppniPenias v Penkane1Peni s 0ok sns mom o Frok 4 2nm b and so
on.

Note that for any even integer 1%, Ry {2k + 1) is a finite string of length {2nk + mm).
(v) Finally, we take & & Es such that
? L {:Pl}m viE ||lpﬁk-1{€f}ﬂk{1}ﬂkﬂl§{ﬂl 2k '1" g}ﬂg‘:ﬂl 2?‘# '1" 2}&@.% 2F'= '1" iﬁ} wu IIlIIl}.I

Where €E}H‘k G i vin e e 5 ﬂﬁ:’.-timeS.

We now consider the point g and the open neighborhood [/ of g defined in the above
notation.

(i) Since I is open we can always choose an & & ), such that min{i{m¥)} = g, for any y
belongs to the boundary of the set Il. We choose k so large that T;:-- . & By our
construction p and # agree up to Pym=1. Hence @ig & = m':f # & by lemma 1. So ##il.
Now oF¥ (Pl = (#gngPangrs = = Fang=1 = = } and GEE(E} m (0 oM o om 1 Bdruinag woon §
Note that t consists of infinitely many sequences of the type B{, 2# = m,)

So we get

Lt 50 A (o), o () 2 L8 (P Pt e oy P o B, e w2}

2 Lt (b T et )

K=o 1]

=1
Hence, Lt supd (ﬁ’? fa), o EF}) -, (1.1)
o=t v

Similarly, @A¥ () m (Fni Mk s1 mm Pagimt wow) and

'Filgk {?} L %kmk-}i e Ilp&ﬂ-k-llll I |l::[.
Again we get that

Lt trof o (). o ) 2 L8 i e Bt e s Qe o Bt )

fo=rem
= kffﬂ{§+%+ )
=0
Hence Eﬁ&f:ﬁ{ﬂﬂs}, ie)] =0 (12)
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From (1.1) and (1.2) it is proved that the pair {,£) is Li-York. Hence the dynamical
system £Z;, &, 1 has chaotic dependence on initial conditions.

Theorem 3: The generalized shift map @,1E; =+ E; has strong sensitive dependence on
initial conditions.

Proof: Let & = £%3%) wewe be any point of T, and U be any non empty open set of I,.

Hence we can take an open ball V with radius €3 0 and center at = {ayer v ) , such
. L . .
that ¥ = . Let g = @ be an integer such that F{E‘ We now consider the point

¥ = {Eﬁﬁl--- "-ﬁm-lﬁq‘wxr‘f.w-ll“'“'}' Then the point y agrees with e up to #gp-1 and
after that all terms of y are the complementary terms of the point x starting with x 7,

By the application of lemma 1 above we get that @{g 1%} = —= #&. Hence ¥ £V, that

ofiF=5

is ¥ & ¥ also.
Again w¢E get ﬁ{"ﬁf{x‘}; F:L‘:}-‘::[) - ﬂt {‘Eﬁw{?ﬁwﬁl ||||||},l Eﬁ‘-‘éﬁﬁ‘-‘;ﬁ.‘lllllll})

-%-1'- %-1'- [ ]

=1
that is 3= & {f such that & {Fi.? (23] Fi"f {}}] = 1, where U is an arbitrary open set of E,,

Hence the generalized shift map &;1.8¢ = Zg has strong sensitive dependence on initial
conditions.

If a continuous map has strong sensitive dependence on initial conditions then it has
sensitive dependence on initial conditions but the converse is not always true. The
following example establishes this fact.

Example 1: Let &:[—1,1] = [—1,1] be a map defined by

& = L

;.‘Ef"i";, —'15.'35'5—5
kefx) = —-Bx, —%;Exﬁﬂ

x, Ot xatl

The function k& defined above is obviously a continuous map. Also it can easily proved
that the function has sensitive dependence on initial conditions. We observe that
maximum distance between any two points of [-1, 1] is equal to 2. We consider the point

—1% and the open interval B = {{J,1}. Then there exists no point ¥ ¥ such that
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:i\:i.i‘c”h"}, k”{y}} = 2, for any n 2= @. Hence k{x) does not strong sensitive dependence
on initial conditions.

Theorem 4: The generalized shift map &, =E; = E; is totally transitive on Z,.

Proof: We have to prove that g, is topologically transitive (Bhaumik and Choudhury,
2009) for all

n > 1. Let U and V be two non empty open subsets of T, and &, &z 0. Also let
2 = (B e wee | I be a point such that min {d{p, & 1} 2, , for any /& belongs to
the boundary of the set U . Similarly, let # = {#38 w1 w.w) ¥ be any point such that
miin {dim 520} =€, for any § belongs to the boundary of the set V. Next we choose two

1
h“"‘:\.E;.

i

. 1
odd integers kjand k4 so large that —— *¥&; and
i

Now we consider the following two cases which are helpful to prove this theorem.

Case I: When 7 is an even integer.

We now consider the point ee = gy we ey, —1 gLy == e Eggy o= = k. Then by lemma 1,
- i -

dpa) = PR

Hence aelf, that is (@ J¥2fer) € (o, J52(L).

On the other hand, (F)}*sg)} = EpE) memetpiy mme k.
Hence @@y 1*={e), £) = %& #.€; by applying lemma 1 again.

This gives (&1 efe) & V.
Hence we get (@ J¥=EF) 11V = @, where 7 is any even integer.

So the generalized shift map =,:E; = E, is totally transitive on E, when n is an even
integer.

Case Il: When # is an odd integer.

In this case we consider the point & m {Bg we ...?}Hkh.ls'.sﬁ - i.;._‘kh —_—

Then by applying lemma 1 again. This gives d{®, &) = # #&, . Hence §F & U,

that is (@) e{F) & (@) ¥e{L). On the other hand, (FxI¥+{F) = (Epry wantiggy memelk.

Hence @f{@m ) ={§), t) = ﬁiﬂ%g by applying lemma 1 again.
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This gives (@ ¥e{f) &V Hence we get that (& tF={EF2r ¥ = & where n is any odd
integer. So the generalized shift map @185 =+ Z; is totally transitive on ¥, when 7 is an
odd integer.

Combining those two cases as above we get that the generalized shift map is totally
transitive on .

The chaotic maps are all topologically transitive and Li-Yorke sensitive. Now we try to
give an example of a continuous function which is topologically transitive or Li-Yorke
sensitive maps but not chaotic in the sense of Du (1998)

We are also giving the following example showing that chaotic maps are not necessarily
topologically transitive.

Example 2: Let 7§x} =1 = |Zx = 1|for D & x % 1 and let 4, be a continuous map from

[-2,2] to itself defined by d, () m = for=55 % 5 U and @y x} = Téx) for 0 mx = 1.

Then #,is chaotic on [—% . 'l] but 7, is not topologically transitive.

Again from the following example, we can see that all topologically transitive maps are
not totally transitive.

Example 3: Let J{x’} be a continuous map from [0,1] onto itself defined by

f:ar-i-ﬁ, ‘Jﬁ.‘«r—‘ﬁé
L S, 4 Lo aed
3% ;ﬁxﬂ'l

We can easily prove that the map J is topologically transitive on [0,1]. Here we can see
that the subintervals [0, E] and [%;'1] are invariant under J2, so J? is not topologically

transitive on [0,1]. Hence J{x) is not totally transitive on [0,1]. Therefore all
topologically transitive maps are not totally transitive.

Comparison of the generalized shift map with the shift map

In this section we discuss some basic differences of dynamics of the generalized shift
map with the shift map. We also present a comparative study of the shift map with the
generalized shift map.
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We know that transitive points play a big role in any Devaney’s chaotic system. For the
shift map &, if a point of E, which contains every finite sequence of 0’s and 1’s, the point
is a transitive point. If we consider a point e of I, as given below,

am ([OFIR DOPELPLOMILE  (DO0ROOL e on (OO0D) s s,

then obviously e & ¥y is a transitive point with respect to the generalized shift map. But

Iﬁ- tﬁ It;[t;[ oL 1e 1l It;[gg ggillllllﬁggﬁlllllllll}j is a transitive point for g.

Hence we can say that all transitive points of the generalized shift map a, are also
transitive points of the shift map &, but not conversely.

We now discuss the periodic points of the generalized shift map. Here the period means
prime period. We start with the periodic points of those maps. If #zE; : Eg is the shift
map, we all know that any repeating sequence of 0's and 1's is always a periodic point of
c. For example, & = {£3E) wuun Egmq EGEY anmeCmq wuwe 3 1S @ periodic point of period n of
g, for all n = 1. But &£z} =¢, that is, c is a fixed point of g,,. On the other hand if we
consider the points (0000.......... )and (1111......... ) of E;. These are the only fixed
points of . The above two points are fixed points of &, also, but there exist other fixed
points of @,, in £, Hence we conclude that periodic points of & and a,, are not same in
general.

Conclusions

In this article, we have proved some stronger chaotic properties of the generalized shift
map. The generalized shift map has a property which is based on Li -Yorke pair but have
some common features of sensitive dependence on initial conditions and it is

topologically mixing on ., , which is a property stronger than topological transitivity.

Since the generalized shift map is chaotic in the sense of Devaney, it is also Li-Yorke
chaotic, because Devaney chaos is stronger than Li-Yorke chaos. The property in
Definition 1 is very important for any dynamical system, because this property is mainly
based on Li-Yorke pair but has some common features with sensitive dependence on
initial conditions. In this paper we have proved that generalized shift map has strong
sensitive dependence on initial conditions. Since the shift map is often used to model of
the chaoticity of a dynamical system, we can now try to use the generalized shift map in
place of the shift map to model of the chaoticity of a dynamical system. So we conclude
that the generalized shift map is a new model for chaotic dynamical systems.
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Although total transitivity is a stronger property than topological transitivity, every
chaotic map does not necessarily become totally transitive. Hence, we conclude that in
general not all transitive maps are totally transitive and also not all chaotic maps are
totally transitive. In this article we discussed with examples that a continuous function
which is topologically transitive but not chaotic in the sense of Du and all topologically
transitive maps are not totally transitive.

In the last section we observed that all transitive points of the generalized shift map
7, are also transitive points of the shift map &, but not conversely and from this we
conclude that periodic points of the shift map ¢ and the generalized shift map &, are not
same in general.
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